Lecture: 12
·  Introduction to the Finite Element Method
The advantage of the finite element methods (FEM) is that the discrete equations can be derived for almost any arbitrary geometry. The lecture presents an introduction to the FEM.
Introduction

1.1 What is the finite element method

The finite element method is a numerical technique for solving problems which are described by partial differential equations or can be formulated as functional minimization. A domain of interest is represented as an assembly of finite elements. Approximating functions in finite elements are determined in terms of nodal values of a physical field which is sought. A continuous physical problem is transformed into a discrete finite element problem with unknown nodal values. For a linear problem a system of linear algebraic equations should be solved. Values inside finite elements can be recovered using nodal values.

Two features of the finite element method are worth to be mentioned:

· Piece-wise approximation of physical filed on finite elements provides good precision even with simple approximating functions (increasing the number of elements we can achieve  any precision).

· Locality of approximation leads to sparse equation systems for a discrete problem. This helps to solve problems with very large number of nodal unknowns.

1.2  Formulation of finite element equations 

Several  approaches  can  be  used  to transform  the  physical  formulation  of  the  problem  to  its finite element discrete analogue. If the physical formulation of the problem is known as a differential equation then the most popular method of its finite element formulation is the Galerkin method . If the physical problem can be formulated as minimization of a functional then variational formulation of the finite element equations is usually used.

1.2.1  Galerkin method 

Let us use simple one-dimensional example for the explanation of finite element formulation using the Galerkin method. Suppose that we need to solve numerically the following differential equation:

a d2u/dx2 + b = 0,  0 ( x ( 2L

u(x = 0 = 0









(1.1) 

a du/dx(x = 2L = R

where  u  is  an  unknown  solution. We are going  to  solve  the  problem  using  two  linear  one dimensional finite elements as shown in Figure 1.1,a. First, consider a finite element presented in Fig. 1.1,b. The element has two nodes and approximation of the function u(x) can be done as follows:

u = N1u1 + N2 u2 = [N] {u}

[N] = [N1 N2], {u} = 








(1.2) 

N1 = 1 - (x - x1)/(x2 - x1), N2 = (x - x1)/(x2 - x1),

Here Ni  are the so called  shape  functions which are used for interpolation of  u(x) using its nodal values. Nodal values u1 and u2 are unknowns, which should be determined from the discrete global equation system.
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(a)                                                        (b)

Figure 1.1 a) One-dimensional domain divided into two finite elements; b) Function approximation in one-dimensional element.

After substituting (1.2) in (1.1) the differential equation has the following approximate form:

a d2/dx2 [N]{u}+ b = (,







 (1.3)

where ( is a nonzero residual because of approximate representation of a function inside a finite element. The Galerkin method provides residual minimization by multiplying terms of equation (1.3) by shape functions, integrating over the element and equating to zero:



[N]T a d2/dx2 [N]{u}dx + 

[N]T b dx = 0



(1.4) 

Use of the divergence theorem leads to the following discrete form of the differential equation for the finite element:



[dN/dx]T a [dN/dx] dx{u} - 

[N]T b dx - a du/dx(x = xi= 0 

(1.5)

Usually such relation for a finite element is presented as:

[k]{u} = {f}
,








(1.6)

[k] = 

[dN/dx]T a [dN/dx] dx, {f} = 

[N]T b dx + a du/dx(x = xi .
(1.7)

In solid mechanics [k] is called  stiffness matrix and {f} is called load vector. In the considered simple case for two finite elements of length L stiffness matrices and the load vectors can be easily calculated:

[k1] = [k2] = a/L 

  

,












(1.8)

{f1} = bL/2 

, {f2} = 

 + 

.

Relations (1.6) and (1.8) provide finite element equations for the two separate finite elements. A global equation system for the domain with 3 nodes shown in Figure 1.1(a) can be obtained by an assembly of element equations. In our simple case it is clear that elements interact with each other at the node with global number 2. The assembled global equation system is:

 a/L

 

  



 EMBED Equation.2  
 = bL/2 

 + 

 




(1.9)

After application of the boundary condition u|x=0 = u1 = 0 the final appearance of the global equation system is:

a/L

 

  



 EMBED Equation.2  
 = bL/2 

 + 

.




(1.10)

Nodal values ui are obtained as results of solution of linear algebraic equation system (1.10). The value of  u at any point inside a finite element can be calculated using shape functions (1.2). The solution of the differential equation (1.2) is shown in Figure 1.2 for a=1, b=1, L=1 and R=1.
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Figure 1.2 Exact solution of the differential equation (1.1) and finite element solution.

Exact solution is a quadratic function. The finite element solution with the use of the simplest element is piece-wise linear. More precise finite element solution can be obtained increasing the number of simple elements or with the use of elements with more complicated shape functions. It is worth noting that at nodes the finite element method provides exact values of u. Finite elements with linear shape functions produce exact nodal values if the sought solution is quadratic. Quadratic elements give exact nodal values for the cubic solution etc. 

1.2.2  Variational formulation 

The differential equation  (1.1) with a = EA has the following physical meaning in solid mechanics. It describes tension of the one dimensional bar with cross-sectional area A made of material with the elasticity modulus E and subjected to a distributed load b and a concentrated load R at its right end. Such problem can be formulated in terms of minimizing the potential

energy functional (:

( = 

1/2 a (du/dx)2 dx - 

bdx - Ru(x =2L 




(1.11)

u(x =2L = 0.

The value of potential energy for the finite element is:

(e = 

1/2a{u}T[dN/dx]T  [dN/dx]{u}dx-

{u}T[N]T b dx - Ru(x = xi (1.12)

The condition for the minimum of ( is:

(( = ((/(u1(u1 + ... + ((/(un(un = 0





(1.13) 

which is equivalent to

((/(ui= 0
(i = 1, ... , n) 






(1.14)

It is easy to check that differentiation of (1.11) in respect to {u} gives the finite element equilibrium equation which is coincide with equation (1.5) obtained by the Galerkin method:
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2

1

x

x

[dN/dx]T EA [dN/dx] dx{u} - 

[N]T b dx - R = 0 


(1.15)

2. Finite element equations for heat transfer problems
2.1  Problem statement 

Let us consider an isotropic body with temperature dependent heat transfer. A basic equation of heat transfer has the following appearance:

-((qx/(x + (qy/(y + (qz/(z) + Q = (c(T/(t




(2.1) 

Here  qx, qy and qz are components of heat flow through the unit area; 
Q = Q(x,y,z,t) is the inner heat generation rate per unit volume; ( is material density; c is heat capacity; T is temperature and t is time. According to the Fourier's law the components of heat flow can be expressed as follows:

qx = -k(T/(x, qy = -k(T/(y, qz = -k(T/(z,




(2.2)

where k is the thermal conductivity coefficient of the media. Substitution of relations (2.2) in (2.1) gives the following basic heat transfer equation:

(/(x(k(T/(x) + (/(y(k(T/(y) + (/(z(k(T/(z) + Q = (c(T/(t

(2.3)

It is assumed that boundary conditions can be of the following types: 

1. Specified temperature

Ts = T1(x,y,z,t)








(2.4)

2. Specified heat flow

qxnx + qyny + qznz= - qs
on S2






(2.5)

3. Convection boundary conditions

qxnx + qyny + qznz = h(Ts - Te) 






(2.6)

where h is the convection coefficient, Ts is an unknown surface temperature and Te is a known environmental temperature.

4. Radiation

qxnx + qyny + qznz = ((T4s - ( qr





(2.7)

where ( is the Stefan-Boltzmann constant; ( is the surface emission coefficient; ( is the surface absorbtion coefficient and qr is incoming heat flow per unit surface area.

For transient problems it is necessary to specify a temperature field for a body at the time t = 0:

T(x,y,z,0) = T0(x,y,z)






(2.8)

2.2  Finite element discretization of heat transfer equations 

A domain V is divided into finite elements connected at nodes. We are going to write all relations for a finite element. Global equations for the domain can be assembled from finite element equations using connectivity information.

Shape functions Ni are used for interpolation of temperature and temperature gradients inside a finite element:

T = [N]{T}

[N] = [N1 N2 ... ]

{T} = {T1 T2 ... ]












(2.9) 



 =  

  

  

{T} = [B]{T}

Here {T} is temperatures at nodes; [N] is a matrix of shape functions and [B] is a matrix for temperature gradients interpolation.

Using Galerkin method, we can rewrite equation (2.1) in the following form:



((qx/(x + (qy/(y + (qz/(z - Q + (c(T/(t)NidV = 0 (2.10)

Applying the divergence theorem to the first three terms, we arrive to the relations:



(c(T/(tNidV -

[(Ni/(x  (Ni/(y  (Ni/(z]{q}dv = 

QNidV -


{q}T{n}NidS  







(2.11) 

{q}T = [qx qy qz], {n}T = [nx ny nz]

where {n} is an outer normal to the surface of the body. After insertion of boundary conditions (2.4)-(2.7) into (2.11) the discretized equations are as follows:



(c(T/(tNidV -

[(Ni/(x  (Ni/(y  (Ni/(z]{q}dv = 

QNidV - 












(2.12)



{q}T{n}NidS +

qsNidS - 

h(T -Te)NidS - 

(((T4s - ( qr)NidS

It is worth noting that

{q} = -k[B]{T}








(2.13)

The discretized finite element equations for heat transfer problems have the following finite form:

[C]{

}+ ([Kc]+[Kh] +[Kr]){T} = {RT}+ {RQ} + {Rq} + {Rh} + {Rr} 
(2.14)

[C] = 

(c [N]T[N]dV







(2.15)

[Kc] = 

k[B]T[B]dV







(2.16) 

[Kh] = 

h[N]T[N]dS







(2.17) 

[Kr]{T} = 

(((T4[N]dS






(2.18) 

[RT] = -

{q}T{n}[N]TdS 






(2.19) 

[RQ] = 

Q[N]TdV 







(2.20)

[Rq] = 

qs[N]TdS 







(2.21) 

[Rh] = 

hTe[N]TdS







(2.22) 

[Rr] = 

( qr[N]TdS 







(2.23) 

Equations for different type problems can be deducted from the general equation (2.14):

stationary linear problem

([Kc]+[Kh]){T} = {RQ} + {Rq} + {Rh}




(2.24)

stationary nonlinear problem

([Kc(T)]+[Kh(T)] +[Kr(T)]){T} = {RQ(T)}+{Rq(T)}+{Rh(T)}+{Rr(T)}
(2.25)

transient linear problem

[C]{

(t)}+ ([Kc]+[Kh(t)]){T(t)} = {RQ(t)} + {Rq(t)} + {Rh(t)}(2.26) transient nonlinear problem

[C(T)]{

}+ ([Kc(T)]+[Kh(T,t)] +[Kr(T)]){T} = 

{RQ(T,t)} + {Rq(T,t)} + {Rh(T,t)} + {Rr(T,t)}



(2.27)

3. Finite element equations for solid mechanics problems
3.1  Problem statement 

Consider a three-dimensional body subjected to surface and body forces and temperature field. In addition, displacements are specified on some surface area. For given geometry of the body, applied loads, displacement boundary conditions, temperature field and material stress-strain law, it is necessary to determine the displacement field for the body. The corresponding strains and stresses are also of interest.

The displacements along coordinate axes x, y and z are defined by the displacement vector {u}:

{u} = {u ( w }







(3.1)

Six different strain components can be placed in the strain vector {(} :

{(} = {(x (y (z (xy (yz (zx } 






(3.2)

For small strains the relationship between strains and displacements is:

{(} = [D]{u}








(3.3)

where

[D] = 

  

  


Six different stress components are formed the stress vector:

{(} = {(x (y (z (xy (yz (zx}






(3.4)

which are related to strains for elastic body by the Hook's law:

{(} = [E]{(e} = [E]({(} - {(t})






(3.5)

where

[E] = 

..

..

  

..

..


Here [E] is the elasticity matrix; {(e} is the elastic part of strains; {(t} is the thermal part of strains; ( and ( are elastic Lame constants which can be expressed through the elasticity modulus  E and Poisson's ratio ( :

( = (E/((1 + ()(1 - 2()), ( = E/(2(1 + ())




(3.6)

The purpose of finite element solution of elastic problem is to find such displacement field, which provides minimum to the functional of total potential energy:

( = 

1/2 {(e}T{(}dV - 

{u}T{pV}dV - 

{u}T{pS}dS,

(3.7)

where {pV} = {pVx pVy pVz} is the vector of body force and 
{pS} = {pSx pSy pSz} is the vector of surface force. Prescribed displacements are specified on the part of body surface where surface forces are absent. Displacement boundary conditions are not present in the functional (3.7). Because of these, displacement boundary conditions should be implemented after assembly of finite element equations.

3.2  Finite element equations 

Let us consider some abstract three-dimensional finite element having the vector of nodal displacements {q}:

{q}= {u1 (1 w1 u2 (2 w2 ...}






(3.8)

Displacements at some point inside a finite element {u} can be determined with the use of nodal displacements {q} and shape functions Ni:

{u} = [N]{q]








(3.9)

where

[N] = 

..

  

..

  


Strains can also be determined through displacements at nodal points:

{(} = [B]{q}








(3.10)

where

[B] = [D][N] = [ B1 B2 ... ],

[Bi] =  

  

  


Now using (3.9)-(3.10) we are able to express the total potential energy through nodal displacements:

( = 

1/2([B]{q}-{(t})T[E]([B]{q}-{(t})dV -

 ([N]{q})T{pV}dV - 

([N]{q})T{pS}dS







(3.11)

Nodal displacements {q} which corresponds to the minimum of the  functional ( are  determined by the conditions:

{d(/dq} = 0








(3.12)

Differentiation of (3.11) in respect to nodal displacements {q} produces the following equilibrium equations for a finite element:



[B]T[E][B]dV{q} - 

[B]T[E]{(t}dV - 

[N]T{pV}dV-



[N]T{pS}dS = 0








(3.13)

which is usually presented in the following form:

[k]{q} = {f}, {f} = {p} + {h}






(3.14)

where

[k] = 

[B]T[E][B]dV 







(3.15)

{p} = 

[N]T{pV}dV- 

[N]T{pS}dS





(3.16)

{h} = 

[B]T[E]{(t}dV 







(3.17)

Here [k] is the element stiffness matrix; {f} is the load vector; {p} is the vector of actual forces and {h} is the thermal vector which represents fictitious forces for modeling thermal expansion.

3.3  Assembly of the global equation system 

The aim of assembly is to form the global system of equations

[K]{Q} = {F}








(3.18)

using element equations

[ki]{qi} = {fi}








(3.19)

Here [ki], [qi] and [fi] are the stiffness matrix, the displacement vector and the load vector of the ith finite element; [K], {Q} and {F} are global stiffness matrix, displacement vector and load vector.

In order to derive an assembly algorithm let us present the total potential energy for the body as a sum of element potential energies:

( = ((i = (1/2{qi}T[ki]{qi} - (1/2{qi}T[{fi}+ (E0i


(3.20)

where E0i is the fraction of potential energy related to free thermal expansion:

E0i = 

1/2 {(t}T[E] {(t}dV






(3.21)

Let us introduce the following vectors and a matrix where element vectors and matrices are simply placed:

{Qd} = {{q1}{q2} ... }, {Fd} = {{f1}{f2} ... }




(3.22)

[Kd] = 

..

..









(3.23) 

It is evident that it is easy to find matrix [A] such that

{Qd} = [A]{Q}, {Fd} = [A]{F}






(3.24)

The total potential energy for the body can be rewritten in the following form:

( = 1/2{Qd}T[Kd]{Qd} - {Qd}T{Fd} +  (E0i =

1/2{Q}T[A]T[Kd][A]{Q} - {Q}T[A]T{Fd} +  (E0i



(3.25)

Using the condition of minimum of the total potential energy

{d(/dQ} = 0








(3.26)

we arrive at the following global equation system:

[A]T[Kd][A]{Q} - [A]T{Fd} = 0






(3.27)

The last equation shows that algorithms of assembly the global stiffness matrix and the global load vector are:

[K] = [A]T[Kd][A], {F} = [A]T{Fd}





(3.28)

Here [A] is the matrix corresponding local and global enumeration. Fraction of nonzero (unit) entries in the matrix [A] is very small. Because of this the matrix [A] is never used explicitly in actual computer codes. 

Exercises

1. Obtain shape functions for the one-dimensional quadratic element:
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