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In recent years, much effort has been put into exploring shape transformation as a basic operation
in computer graphics. The problem concerns tranforming a given geometric shape into another in a
continuous manner. We consider shape transformation as a general type of operation that includes
space mappings, metamorphoses, and others. Examples of applications can be found in animation
and computer-aided design.
Geometric objects defined by real functions of several variables (so-called implicit models) have
proven useful in computer graphics, geometric
modeling, and animation (Hoffmann 1993; Pasko
et al. 1995; Wyvill et al. 1993). Objects of this
kind can be created with skeleton-based functions
(Blinn 1982; Wyvill et al. 1986), so-called R-functions for set-theoretic operations (Shapiro 1994),
and by processing range or volume data. Although
existing deformation techniques are claimed to be
model independent, they are practically applied to
polyhedral and parametric objects. We note that
the functional description provides an additional
degree of freedom in manipulating objects, namely, by directly changing defining function values.
To combine this advantage with existing deformation techniques, we introduce an extended space
with an additional coordinate of a point as the defining function. This allows us to transform geometric coordinates and the function coordinate simultaneously as coordinates of a point of a higher
dimension. Thus we can provide a high diversity of
transformations.
The motivation of this paper is to present a mathematical formulation of shape transformations as
extended space mappings. We show that, in general, this is a difficult numerical problem with several special cases, for which analytical solutions exist. The model of extended space mappings incorporates well-known geometric space mappings and
metamorphoses. Moreover, this model introduces
several new transformations such as function-dependent space mappings and combined mappings.
We also consider several practical applications of
our approach.
The rest of the paper is organized as follows. Section 2 gives an overview of existing shape transformation techniques. We discuss the notion of an extended space and describe our approach to extended space mappings in Sect. 3. We classify space
mappings and give some examples in Sect. 4. All
illustrations for the examples are generated by
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ray casting. Section 5 concludes the paper. The appendix describes a volume spline based on Green's
function.

2 Previous work
Most existing shape transformation techniques fall
into one of the following three categories:
1. Mapping the space onto itself
2. Metamorphosis
3. Modification of defining functions.

2.1 Space mappings
A space mapping establishes a one-to-one correspondence between points of the given space. If
applied to some point set in the space, it changes
this set to a different one. A mapping can be defined by the functional dependence between the
new and old coordinates of a point. Mappings
can be controlled by numerical parameters of predefined functions, by control points, and by differential equations. Fournier and Wesley (1983) and
Barr (1984) propose specific functions for bending, tapering, and twisting operations. Interactive
control of these deformations by a single curve
in 3D space is implemented by Lazarus et al.
(1993). Sclaroff and Pentland (1991) use natural
vibration modes to express a wide range of deformations. If the transformation is not degenerate, an
inverse matrix can be calculated and used for the
inverse mapping, which is necessary to transform
implicit surfaces.
Free-form deformations (FFDs), proposed by
Sederberg and Parry (1986) and extended by
Coquillart (1990), Coquillart and Jancene (1991),
and Hsu et al. (1992) are controlled by user-defined point lattices. Forward space mapping is described by trivariate BØzier volumes and can be effectively applied to polygonal and parametric surfaces. Alternatively, inverse mapping for implicit
surfaces requires time-consuming iterative searches or subdivisions (Nishita et al. 1993). Chang and
Rockwood (1994) present an intuitive approach to
control FFDs with a single BØzier curve. Their algorithm works faster than the standard FFD algorithm because the problem dimension has been reduced from three to one. General deformation
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techniques providing forward and inverse mapping
(Borrel and Bechmann 1991; Borrel and Rappaport
1994) are better suited to implicit surfaces. Most of
the deformation methods mentioned are too global
to provide a series of small bumps defined by arbitrary points. Although Borrel and Rappoport's
(1994) method was designed for localized space
mappings, it can lead to nonintuitive results when
bounding spheres of several control points intersect. The Bechmann (1994) survey discusses common mathematical foundations of the space deformation techniques mentioned.
Different approaches apply scattered data interpolation techniques: thin-plate spline (Bookstein
1991), distance-weighted interpolants (van Overveld 1992), volume spline based on Green's function (Savchenko and Pasko 1994), multiquadrics
(Ruprecht et al. 1995), and multilevel B-spline interpolation (Lee et al. 1996). Ruprecht et al. (1995)
attempt to combine space mappings with metamorphosis. Their method does not provide a solution in
3D space, but relies on 2D image morphing.

2.2 Metamorphosis
Metamorphosis (or shape averaging, shape blending, inbetweening, morphing) is an operation on
two geometric objects resulting in a new object
with an intermediate shape. It can also be thought
of as a transformation of the initial object controlled by another object. Morphing was first introduced in image processing and animation to generate intermediate images by transformation of one
image into another (Wolberg 1990).
Shape metamorphosis for 3D polyhedral objects is
quite well elaborated. An interesting combination
of representations is shown by Payne and Toga
(1992). Initial polyhedra are converted into distance field volumetric data, then these data are interpolated, and the resulting isosurface is polygonized. A more sophisticated metamorphosis of volumetric objects is proposed by Hughes (1992), who
uses the Fourier transforms of two volumetric objects to interpolate between low frequencies with
the high frequencies of the first object gradually
removed, and the high frequencies of the second
object added in. Lerios et al. (1995) generalize image metamorphosis to the case of 3D volume data
and combine warping and cross-dissolving. Shape
inbetweening for soft objects (Wyvill 1990) ap-

Fig. 1. Transforming a 1D segment AB into A©B©
by applying extended space mapping to the curve S
defined as x=f(x)

plies gradually changed weighting of the force
property of each source key. The skeleton of the
intermediate shape can be constructed by applying
the Minkowski sum to initial skeletons (Galin and
Akkouche 1996).

2.3 Modification of defining functions
Our examples of metamorphosis illustrate the general idea of transformation of geometric objects by
applying algebraic operations to their defining
functions. Descriptions of implicit surfaces by
blobby model (Blinn 1982), metaballs (Nishimura
et al. 1985), soft objects (Wyvill et al. 1986) and
distance functions (Bloomenthal and Wyvill
1990; Larcombe 1994) are essentially based on algebraic sums of defining functions, which allow
deformation of an object by adding new primitives
to its skeleton. Gascuel (1993) proposes deformations of distance surfaces in collisions by algebraic
difference of defining field functions. Singh and
Parent (1995) apply this technique to deform a polygonal surface, using its elegant immersion in implicit primitives.
A blend surface can be described in terms of algebraic operations on defining functions (Woodwark
1987). These operations are applied in practice to
primitives, but not to constructive solids [see, for
example, Bowyer (1994)]. The theory of R-functions (Rvachev 1963, 1987) provides a means of
function representation for solids constructed by
the standard (nonregularized) set operations [see
Shapiro (1994) for a survey]. Shapiro (1994) ap-

plies algebraic difference to construct a real function defining a regular solid required in constructive solid geometry (CSG). Pasko et al. (1995) define blending, offsetting, and other operations by
algebraic sums applied to R-function-based exact
descriptions of constructive solids.
Shape reconstruction from given points can be
thought of as a special case of transformation.
Muraki (1991) proposes applying the blobby model to fit scattered points. To fit an algebraic surface
to given points, Bajaj et al. (1992) solve a constrained minimization problem for distance criteria. Savchenko et al. (1995b) use the algebraic
sums of an initial defining function and a volume
spline to reconstruct a solid from scattered surface
points. The reconstruction from given contours is
considered a metamorphosis of 2D cross-sections
along a spine.
As this overview shows, space mappings, metamorphosis and algebraic operations on defining
functions represent various tools for the complex
transformation of geometric objects. The general
idea of our approach is to give a framework that
can combine these techniques and provide the basis for developing new ones.

3 Extended space mappings
3.1 Extended space
Consider an n+1-dimensional euclidean space En+1
and a hypersurface S defined in it by a real continuous explicit function of n variables:
x=f(x1, x2,¼, xn),

(1)

where Pn=(x1, x2,¼, xn) is a point in the subspace
En and Pn+1=(x1, x2,¼, xn, x) is a point in En+1.
The major requirement to the function f is to have
at least C0 continuity. Intersection of the given hypersurface S with the halfspace x³0 and projection
of the result onto the En space along the x axis
gives the point set
G={Pn:Pn+1ÎS, x³0}.

(2)

Equations 1 and 2 together are equivalent to the
more common definition
G={Pn:f (x1, x2,¼, xn)³0},

(3)
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but Eqs. 1 and 2 fit better the formulation of extended space mapping, as we will show in a simple
example (Sect. 3.2) and in a general formulation
(Sect. 3.3).
We consider G to be a geometric object defined in
n-dimensional euclidean space En. The space En+1
can be called an extended space and can be constructed from En by adding one more dimension.
We call f a defining function. Equations 1 and 2
are called a function representation (F-rep) of a
geometric object. This representation is closed under set-theoretic and other operations (Pasko et al.
1995). A subset of G with x=0 is usually called an
implicit surface or an isosurface.
The following subsections discuss our approach to
transformations of constructed geometric objects
in En with the use of the extended space mappings
F: En+1®En+1 applied to the hypersurfaces of
Eq. 1 in En+1.

3.2 Simple example
Let us discuss an example illustrated by Fig. 1. The
intention is to model a 1D geometric object (a line
segment) in E1 and then to transform it by mappings of the extended space E2. Following Eqs. 1
and 2, we introduce a 2D curve S (hypersurface
in E2):
x=f (x),
where P1=(x) is a point in E1 and P2=(x, x) is a
point in E2. The geometric object defined as
G={P1:P2ÎS, x³0}
is a segment of a line x=0 (segment AB in Fig. 1).
Consider the following extended space mapping:
P02  F P2   P2  C;
where C=(c1, c2) defines a translation in E2. This
mapping applied to the curve S results in S©. The
object G is transformed by this mapping from the
segment AB to the segment A© B©© with the description
x0 =f(x0 c1)+c2.
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(4)

Note that, to obtain this transformation with mappings of E1, one has to think of some composition
of 1D translation and scaling.

3.3 General formulation
Let an extended space mapping be formulated as
follows:
P0n1  F Pn1 ;

5

where Pn+1=(x, x) is an original point in En+1 with
x=(x1, x2,¼, xn) and P0n1  x0 ; x0  is a point resulting from mapping F(x, x)=(f1, f2). The transformed geometric object from Eq. 2 is described
by the system of equations:
x0  f1 x; x
x0  f2 x; x
x  f x:

6

The problem is to find the explicit description of
the transformed geometric object in the form
x0 =f  (x0 ),

(7)

which does not follow directly from the system of
Eqs. 6. For a given x0 , Eqs. 6 turn into a system of
n+2 equations with n+2 variables x, x, x0 . Although
one can find the value of x0 by solving this system
numerically for any given x0 , it is not applicable in
practice. In the following section we discuss the
types of extended space mappings for which the
function x0 =f (x0 ) can be restored analytically.

4 Types of the extended
space mappings
The general formulation of the extended space
mapping covers several specific types of mappings. The rest of the paper describes these mappings.

4.1 Function mappings
Let us assume the identity mapping of the subspace En. From Eqs. 6 we have:

x0  x
x0  f2 x; x
x  f x:

8

The defining function of the transformed geometric object (Eq. 7) is now given by
x0 = f2(x0 , f(x0 )).

(9)

We examine here a simple form of this dependence:
x0 = f(x0 ) + d(x0 ),

(10)

where d(x) is a continuous real displacement function. If d(x) is a constant, the resulting object is a
contracted or expanded version of the initial object. In this case, Eq. 10 describes the iso-valued
offsetting operation (Pasko et al. 1995). More complex cases are discussed later.
4.1.1 Control by points and curves
The mapping of Eq. 10 gives an attractive possibility for controlling local deformations by
placing arbitrary points inside or outside of the
initial object surface. Let x=f(x) be a defining
function

ÿ of an initial object G, and let
pi  xi1 ; xi2 ; . . . ; xin : i  1; . . . ; N be a set of N arbitrary points of euclidean space En. These control
points are placed inside or outside G and are assumed to belong to the surface of a modified object
G. Thus, the control points define the deformation of G resulting in G. The problem is to construct a defining function x0 =f (x0 ) for G on the
base of f and {pi}. We use the mapping of Eq. 10
with d(pi)=f(pi). We have found the following approximate form of the displacement function to be
suitable in some practical applications:
d x  ÿ

N
X

di x;

i1

where

ÿ
3
f pi   1 ÿ ri2
if ri2 < 1;
di x 
1  ri2
di x  0 if ri2  1;

11

ri  kx ÿ pi k=ri0 and ri0 is a radius of influence of
ith control point. This type of gaussian-like function is proposed by Wyvill et al. (1994) for parametric surface design. The function of Eq. 11 has
a local extremum in each control point. That is
why it produces blobbylike deformations of 3D
solids. This form of the displacement function allows the introduction of an arbitrarily oriented elliptic area of influence for each control point, but
is not the only one possible. Other gaussian-like
functions can be designed for specific applications.
Figure 2 illustrates modeling of pinching, pricking,
and scratching effects with control points placed
inside and outside a 3D solid defined by the settheoretic and blending operations with R-functions. One can notice the local nature of deformations that is practically impossible to achieve by
other existing deformation models.
If the displacement function d(x) interpolates defining function values in control points more
smoothly (without local extreme points), more
global deformation can be obtained. This can be
achieved with the volume spline based on Green's
function (see the Appendix). We used an algebraic
sum of a sphere and a volume spline to reconstruct
3D solids from given scattered surface points
(Savchenko et al. 1995b).
It might be interesting to control function mappings by a continuous curve rather than by a finite
set of control points. Then the displacement function can be defined as
Z1
d x  ÿ

f x t eÿ r=a d t;

12

0

where r  kx ÿ x tk and the function x(t) defines a
control parametric curve. Note that this displacement function resembles that used to define convolution surfaces (Bloomenthal and Shoemake
1991). The deformation of Eq. 10 with the displacement function of Eq. 12 can be referred to
as convolution deformation. Figure 3 illustrates
this type of the function mapping. An initial block
is deformed under control of a parametric spiral
curve. The deformed shape in Fig. 3 is generated
by Simpson's method of integral calculation
(Eq. 12). One can notice a sweep-like shape produced by this mapping on the surface of the original object.
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2a

2b

2c

Fig. 2a±c. Local deformations with function mappings: a initial object and control points (white
markers for point outside the object, red markers for
inside points); b pinching and pricking; c scratching
(elliptic area of influence)

3

4

5a

5b

Fig. 3. Function mapping controlled by a parametric curve
Fig. 4. Reconstruction of a femur from cross-sections. The z-coordinate (vertical axis) serves a parameter of the metamorphosis
between neighboring cross-sections
Fig. 5. 3D coordinate space mapping with volume splines: a an initial set-theoretic object with a red arrow indicating the control
point displacement; b a deformed object. After Salvador Dali's The persistence of memory (1931)
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4.1.2 Metamorphosis
Assume that d(x) in Eq. 10 is a defining function of
some geometric object. The object resulting from
this mapping will take some intermediate shape between two objects defined by f(x). Introducing the
parametric weighting functions 0£h1(t), h2(t)£1,
h1(0)=1, h1(1)=0, h2(0)=0 and h2(1)=1, we have
x0 =h1(t) f(x0 )+h2(t) d(x0 ).

(13)

This expression defines a homotopy map between
two hypersurfaces in En + 1. Equivalently, it defines a parametrized family of geometric objects
in En. If t is interpreted as a time variable, this
mapping describes a time-dependent metamorphosis of one shape to another. If t is a geometric
space coordinate, the mapping defines a metamorphosis of cross-sections along this coordinate. Figure 4 presents a femur reconstructed by metamorphosis from 2D cross-sections. To obtain a defining function for each cross-section from the contour points, we used the technique described in
Sect. 4.1.1; we used d(x) as a spline based on
Green's function (see the Appendix). Then, the
space coordiante z is interpreted as the metamorphosis parameter t, while f(x, y) and d(x, y) define
two neighboring cross-sections for z=0 and z=1,
h1(z)=1z and h2(z)=z for 0£z£1. A higher degree
of interpolation between several cross-sections
provides a more smooth surface.

4.2 Geometric coordinate space
mappings
Let us consider the case of a one-to-one invertible
mapping f1 of the subspace En and the identity
mapping for the x coordiante. The system of
Eqs. 6 takes the form
x0  f1 x
x0  x
x  f x:

14

Note that this is the traditional type of En space
mapping discussed by Barr (1984), Sederberg
and Perry (1986), Borrel and Bechmann (1991),
and others.

Taking into account the existence of the inverse
0
mapping x  fÿ1
1 x ; the transformed geometric
object is now defined as:
ÿ

0
x0  f fÿ1
1 x :

15

Here we discuss coordinate space mappings driven
by control points linked to the features of an object. Space mapping in En-defines the relationship
between each point in the original object and the
deformed object. Let an n-dimensional region of
arbitrary shape be given. Let it contain
a set of arÿ

bitrary control points
Qi  qi1 ; qi2 ; . . . ; qin :
i  1; 2; . . . ; Ng for anundeformed
object and
ÿ
 corresponding points
Di  d1i ; d2i ; . . . ; dni : i  1;
2; . . . ; Ng for a deformed object. By assumption,
the points Qi and Di are distinct and given on or
near a surface of each of the two objects. These
points establish correspondence between features
of the two objects. The goal of the construction
of the deformed object is to find a smooth mapping
function that approximately describes the spatial
transformation. The inverse mapping function
0
fÿ1
1 x  can be given in the form
x=x© + d(x©),

(16)

where the components of vector d(x©) are the functions interpolating displacements of the initial
points Qi to the points Di. Since the algorithm does
not use any regular grid, control points can be chosen freely by the user.
This approach is applied for 2D mappings by
Bookstein (1991) and for 3D mappings by van
Overveld (1992). To interpolate the displacements,
we applied the volume spline function derived for
multidimensional scattered data (Savchenko and
Pasko 1994) on the base of the Green's function
(Vasilenko 1983). The main advantage of this
spline is the minimum bending energy of all functions that interpolate given scattered data. In the
2D case, it is a so-called `thin plate' function (Alfeld 1989; Duchon 1977). The description of the
volume spline is given in the Appendix. To interpolate control point displacements, we set pi=Di
and di=DiQi.
The example of 3D coordinate space mapping
(with volume splines interpolating x, y, and z displacements) is shown in Fig. 5. A constructive object is mapped with the displacement of only one
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6a

6b

Fig. 6a, b. Simulation of facial expressions with coordinate
space mapping defined by 13 control points: a initial volumetric
head; b simulated facial expression

7a

Fig. 7a, b. Offsetting ªalong the normalº: offsets of 3D solids
with the distance modulated by the depth data of the human head

7b

control point. Note that the object is defined by a
single real function constructed with R-functions.
The facial expression simulation with the described mapping is illustrated by Fig. 6. The mapping is applied to a volumetric head defined by the
trilinear interpolation of voxel data.

In this case, coordinate space mapping depends on
the defining function and therefore on the shape of
the initial object. Consider, for example, the following formulation of the offsetting ªalong the
normalº operation:

4.3 Function-dependent space mappings

where d is a given offset distance and N is a gradient
vector of the function f in a given point x0 . The vector N is a normal vector for a point on the surface.
This operation is illustrated by Fig. 7. Note that we
have reformulated the notion of the offsetting ªalong
the normalº by substituting the function gradient instead of the surface normal. This is provided by the
C1 continuity of the R-functions used to construct
the objects. With the traditional approach, the
shape of the offset in Fig. 7b would have a crack.
To illustrate the power of the mapping of Eq. 17,
we have applied the simple transformation

Let the inverse mapping function of Eq. 15 take
the specific form
0
0
0
fÿ1
1 x   y x ; f x ;

where y=(x1, x2,¼, xn) is a function generating
point coordinates in En. For the transformed object,
we have
x0 =f(y(x0 , f(x0 ))).
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(17)

x0 =f(x0 +dN),

9
Fig. 8a±d. Function-dependent coordinate space
mapping: a initial object; b cross-section of the initial
object; c shell resulting from the transformation with
the front half removed; d a cross-section of the
transformed object

8

Fig. 9. Mazelike structure generated by functiondependent coordinate space mapping

x1=x2=x3=a f(x©)+b to a 3D constructive solid (see
Fig. 8). The resulting object is a thin shell of the
initial one with blended edges. A mazelike structure (Fig. 9) has been generated by the transformation x1=x2=x3=a sin(b f(x©)+c) applied to the same
initial object.

f(x, y) (frame a1) and d1(x, y) (frame a5). The defining functions have been obtained with set-theoretic and blending operations on 2D primitives.
The series of frames a1±a5 shows the process of
metamorphosis

4.4 Combined mappings

where h1(t)=t and 0£t£1. This transformation is not
satisfactory because of the appearance of two connected contours (frames a2, a3). The series of
frames b1±b5 illustrates the coordinate space mapping controlled by the positions of three points.
The initial and final positions of the control points
are shown in the frames a1 and a5, respectively.
The parametric description of this deformation is

Let us now consider the general type mapping
from Eqs. 6 and assume that the inverse mapping
0
x  fÿ1
1 x  is known. We have the following description of the transformed object:
ÿ
ÿ ÿ1 0 
0
18
x0  f2 fÿ1
1 x ; f f1 x  :
Note that for our 1D example (see Sect. 3.2), Eq. 4
0
defines the combined mapping with fÿ1
1 x
0
 x ÿ c1 and f2(x) = x+c2. Now we illustrate
Eq. 18 with an example of transformation from
one 2D shape to another (Fig. 10) made by a combination of metamorphosis (see Sect. 4.1.2) and
coordinate space mappings (see Sect. 4.2). The
problem is to obtain a visually smooth transformation between 2D shapes described by the functions

x0 =(1h1(t)) f(x0 )+h1(t) d1(x0 ),

x0 =f(x0 +h2(t) d2(x0 )),
where h2(t)=t and d2(x0 ) represent two functions interpolating displacements of control points by two
coordinates. The accuracy of this transformation
depends on the number of control points, so the exact mapping for complicated shapes can hardly be
achieved. We tried to use the advantages of both
methods by applying combined mapping:
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1

2

3

4

5

a

b

c

Fig. 10a±c. Transformation between two planar shapes: a metamorphosis; b coordinate space mapping; c combined mapping. Frames
1±5 show the time steps for each transformation method
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Fig. 11. Time ºscheduleº for the combined mapping
shown in Fig. 10c
Fig. 12. Combined mapping in 3D space:
metamorphosis and collision-free motion

11

12

x0 =(1h1(t)) f(x0 +h2(t) d2(x0 ))+h1(t) d1(x0 ).
The main problem here was to establish a ªscheduleº for the transformation, i.e., to find the parametric weighting functions. Frames c1±c5 illustrate the combined mapping with the schedule
shown in Fig. 11, where
h1(t) = 0

for t £ 0.3 and
2

h1(t) = (t  0.3) /0.49 for t>0.3
p
h2(t) = t.
The weighting functions were chosen in an interactive design process with the criterion of the visual
smoothness of the final transformation without disjoint components. We have started from the observation that the coordinate space mapping (frames
b1±b5) does not generate any disjoint components.
This means that it has to have a time priority with
later corrections made by the metamorphosis. Note
that, in frame sequence c1±c5, the second contour
does not appear (compare frames a1±a5) and the
final shape is the same as that required (compare
frame a5). Now, it is unclear how to choose the

schedules automatically because the process involves the formalization of human perception of
visual smoothness. For example, for 2D and 3D
output polygonal objects, we can use the EulerPoincare formula to detect disjoint components.
We illustrate the 3D application of combined mappings in Fig. 12. The problem is to obtain the visually smooth transformation between the initial ellipsoidal shape and the final shape during motion
in presence of obstacles. We obtained a defining
function for a final shape of a block with a hole
by using set-theoretic operations on 3D primitives.
To solve the problem, we use a combination of
metamorphosis and coordinate space mapping.
We define the space mapping by displacements
of control points in the local coordinate system
of the moving object. The problem of calculating
control point displacements to avoid collisions
with obstacles or to minimize interpenetrating areas is an optimization problem. It can be solved
by applying, for example, the genetic algorithm
used by Savchenko et al. (1995a) to minimize interpenetration areas between cells in the cell colony growth modeling.
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Table 1. Classification of the extended space mappings
Dependent on ¼
Transformation of ¼

Geometric coordinates

Function coordinate

Geometric and
function coordinates

Geometric coordinates

Geometric space mappings
(Sect. 4.2)
New object
Ä

Function-dependent space mappings
(Sect. 4.3)
Function mappings 4.1
Ä

Ä

Function coordinate
Geometric and
function coordinates

Ä
Combined mappings
(Sect. 4.4)

Ä Denotes a group of restricted combined mappings not covered in this paper. These types provide a good opportunity for the further
development of the extended space mappings

5 Conclusion
In this paper we presented a framework for transforming functionally defined shapes. The proposed
general formulation of the extended space mapping covers several specific types of mappings
summarized in Table 1. We discussed and illustrated special cases for which analytical solutions exist. The proposed model generalizes well-known
coordinate space mappings, metamorphosis, other
algebraic operations on defining functions, and
less familiar function-dependent space mappings.
It also introduces combined mappings. For example, the combination of geometric space mapping
with metamorphosis provides wide opportunities
to support desirable features in animation, design,
and computer vision. The examples show that
our approach makes it possible to find a proper solution when collision-preventing or other constrained deformations may be desirable.
Mainly, we have dealt with the functionally defined shapes, but application of this approach to
polygonal shapes is an interesting future extension.
Such topics as function mappings, function-dependent space mappings, and combined mappings obviously require further research. These mappings
can be applied in aesthetic design and computer
animation, but other fields of application have to
be investigated.
Acknowledgements. We thank John Dill and Thomas Sederberg for their useful comments, and Michael Cohen for his help
with stylistic issues of the manuscript.

Appendix. Volume spline based
on Green's function
Data given:
l
l


A set of scattered points Pi  xi1 ; xi2 ; . . . ; xin  :
i  1; . . . ; Ng in En ;
Values of a scalar function di=d(Pi).

The problem is to find a smooth function U(x) so
that U(Pi)=di. Green's function is used as a basic
function:

kx ÿ Pi k2 mÿn lnkx ÿ Pi k if n is even
Gm; n x; Pi  
if n is odd;
kx ÿ Pi k2 mÿn
where
kx ÿ Pi k 

n 
X
j1

xj ÿ xij

2

!1=2
; x  x1 ; x2 ; . . . ; xn 

is an arbitrary point of En.
The coefficient m³2 defines a norm, and m=2 can
be used in practice.
For m=2 and n=2,3, the spline has the following
form:
U x 

N k
X

li gi x; Pi ;

i1

where
gi(x, Pi) = Gm, n(x, Pi),

i = 1,¼, N,

gN+1(x, Pi) = 1,
gN+1+j(x, Pi) = xj,

j = 1,¼, k  1,

k = (n + m  1)!/(n!(m  1)!).
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The spline coefficients li are calculated with the
system of (N+k) linear equations:
d1
l1
l2
d2
...
...
lN
d
 N
A
lN1
0
0
lN2
...
...
0
lNk
ÿ

Aij  gi Pi ; Pj ;
Aii  0;ÿ

Aij  gj Pi ; Pj ;
Aij  0;

i  N  k; j  N; i 6 j;
i < N;
i  N; N < j  N  k;
i > N; j > N:

The system is solved by the Householder method.
After defining the coefficients, the spline U(x) can
be restored. The choice of this spline was motivated by the following:
± It was derived especially for the case of scattered points.
± Minimal energy property.
± Ck continuity with k<2 mn.
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